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How to Extract Defect Densities from Distributions

ALAIN COMEAU

Abstract—A novel technique is presented for representing a defect
density, such as might be found on an integrated circuit. Distributions
are a powerful tool for presenting defect distributions for test struc-
tures, and are convenient for yield analysis and modeling. How the
concept of distribution can be extended to give more information on
the defects themselves, is shown. The power of this approach derives
from its invariability to test structure geometry, this enables direct
comparison of data from different structures. An important difficulty
in work on yield is relating defect distributions measured on test struc-
tures to those of other structures, i.e., integrated circuits. The work
presented here helps understanding why and how it can be done. The
mathematics are simple and lead to a defect density which can be ex-
pressed in units of defects per geometric factor per independent vari-
able.

INTRODUCTION

Scientists commonly use graphical statistical tools to present their
work [1]-[6]. These tools are often powerful for synthesizing re-
sults. It is of prime importance that the tools help clarify the phys-
ical mechanisms involved. Sometimes authors make use of statis-
tical tools in a manner that causes ambiguity [2], while others try
to simplify the results of their work to the point where physical
interpretation of the mechanisms is questionable [1].

Scientists have to learn to use tools that enable first and foremost
an easy understanding of their work. Distributions have been such
a tool for many of us. Distributions, however, sometimes do not
go deeply enough to clearly show the physics involved. Using the
concept of distributions a defect density closer to the physical
mechanisms will be generated.

THEORY

To begin, a distribution is defined as a discrete function N(g;,
Ag) where g; is the independent variable and Ag is the interval
between each value in the distribution. N(¢;, Ag) is the number of
discrete elements which passed a given test under the condition &;.
For the sake of simplicity a continuous function P (&) will be used,
being defined as

N(g, Ag)

P(g) = lim ——— 1
(€] N Ar (1)

where
At =g, — & (2)

and N, is the total number of elements tested.

From a formal point of view the use of P(€&) to work out the
following development may seem unjustified, however, its ease of
use opens the way to a easier understanding. The conclusions re-
main the same in the discrete case.

This definition of P(¢) is valid in the range of values of ¢; for
which N(g;, Ag) is itself known, let this interval be [ €, €. The
normalization condition in that interval for P(¢g) is

SWP(a) de = 1. (3)
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From this. one can extract the fraction of the sample for which
¢ > ¢, This is the yield at €; (Y(¢;)). It can be shown that

£ £
Y(g) = S P(g)de =1 — S P(g) ds. (4)
The last integral is obviously the fraction of the distribution for
which ¢ < ¢;. This is commonly known as the percentile and is a
concept also widely used in applied statistics for presenting distri-
butions [2], [3]. We will note this as % (&;), a very explicit nota-
tion:

&
% (&) = S P(¢e) de. (:5)
L)

One can note that Y(¢;), as previously defined, corresponds to
the effective yield of the structure measured at g; in the case where
the distribution is that of the number of test structures that failed
at ;.. This is a situation very often seen, for example, in the case
of oxide integrity with breakdown distributions [4]-[6].

In this optic, one can define the average yield of the structure in
the interval g, ¢ + Ag] as

Y(S, AS) = ()_ADU-)AI. (6)

where A is a constant geometric factor. D(¢) is the defect density
assuming a Poisson distribution. However, in most of today's yield
analysis, clustering of the defects is considered. Clustering was
neglected because in this case the distribution itself doesn’t mean
much. In the case where only one type of defect affects the distri-
bution, clustering can be accounted for by using a clustering dis-
tribution to weight D (). This case will not be discussed here.

Equation (6) means that a defect has a constant probability
everywhere. Used as this, Y(&, Ag) defines as being good what-
ever does not fall between € and € + Ag. This includes values that
are higher than €.

Using this, one can extract the total yield of the structure Y'(g;,
Acg) as being the product of all Y(¢;, Ag) for which ¢; < ¢;. This
makes a lot of sense; only the fraction that did not fail a previous
test can fail the next one.

Y'(g;, Ag) = Y(g), At) - Y(g,, Ag)
+ Y(&2, A€) -+ Y(g;, Ag). (7)
This product is more conveniently replaced by a summation
through the use of the logarithm
log (Y'(¢;, Ag)) = ZO log (Y (g Az)) (8)
=
and by using our previous definition of Y, see (6):

log (Y'(&;, Ag)) = —4 jé‘,o D(Y(g;, A¢)). (9)

This form is easily transformed into an integral by taking the
limit when Ag — 0. One will note in this case that the total yield
at g; becomes

lim ¥'(e, Ag)) = Y(2) (10)
and therefore (9) becomes
log (Y(g)) = -4 S;D(s) de (11)
or
Y(g) = exp <—A S:‘D(z) ds>. (12)
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This is a from that closely resembles Poisson's distribution. Ac-
tually, it is the same. if one considers € and g, as being constant.
Clearly this is not the case here. This form shows that D (), as it
is defined, represents an incremental defect density. In that sense.,
when one plots D(¢) from an experimental data set, it gives the
increase in defect density between € and € + Ae.

Unfortunately (12) does not permit easy calculation of D(¢).
But this can be aleviated by some simple mathematics. As previ-
ously shown ((4) and (12)):

log (Y(g)) =log (1 — %(¢)) = —A S D(g)de. (13)

£

Using the last two forms and differentiating with respect to € one
finds

dis[log(l - %(¢))] = —A4D(¢). (14)
The former can be simplified to
1 d%(¢)
e = AD(¢). 15
1 — %(e) de B (15)
By looking at the definition of % (€) (5) one finds that
P
D(g) = lL (16)
Al — %(¢)

The final formula shown above states that for a given number of
failures, the defect density is inversely proportional to the geo-
metric factor A and to the fraction of the sample that had not pre-
viously failed (1 — % (¢€)). D(¢) can be easily computed from
any distribution P(¢) using (16).

One can also do the opposite, that is compute the expected dis-
tribution for a given geometric factor. But to perform this, the latter
form is not appropriate, one has to use a form that isolates P (&)
and where % (¢) is absent. This can be done in the following man-
ner: knowing that

£

1 — %(g) = exp <—A S D(a)ds). (17)

Differentiating with respect to € enables to isolate P(¢):

P(g) = exp <—A S D(e) ds> d‘dg <A S D(¢) ds> (18)
which yields

P(g) = AD(¢) exp <—A gt D(g) dr,>. (19)

In this way one can generate a distribution or evaluate distribu-
tions for any given geometric factor knowing D (g).

Of course this distribution, to be valid, must satisfy the condi-
tion of normalization over all values measured. P(¢) calculated
this way satisfies this condition as can be proven by evaluating
% (&) which must be 1 for this condition to be true. From (17):

£
%(g) =1 — exp <—A S D(c)da> (20)
£
for % (&) to equal 1 one must have
£
A S D(g)de > 1 (21)
£

which means that the defect density summed over all values of ¢
must be much greater than 1 /4. In other words, all sites must have
failed within the bounds [&, g&,] when the distribution was con-
structed.
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This actually implies that the distribution must contain all per-
tinent information. including the total number of samples. For this
to happen all samples must be considered to have failed one way
or another.

The size of the sample also comes into play, it must be large
enough, so that the summed geometric factor of the test structures
is at least as large as the geometric factor of the I.C. summed over
one wafer. This condition insures a realistic evaluation of the yield.

When D (¢) is computed with (16) one finds that fluctuations (or
errors) in the evaluation of D(¢) are greater near the end of the
distribution (¢;). The increased sensitivity is induced by the factor
(1 — % (g))~". This factor implics that all sites must have failed
at g, thus a certain probability of failure equates an infinite defect
density. This explains why D(¢,) diverges and % (&) converges
to 1.

EXAMPLE

To show the use of this technique, the breakdown of junction
diodes will be used as an example. Fig. 1 shows a distribution of
breakdown (V) for n+ /p— diodes. The diodes cach have an area
of 186000 um~ (geometric factor) and in this special case crystal-
line defects are responsible for low breakdowns of the junctions.
The breakdown was measured by applying a current of 1 pA and
measuring the voltage. The peak which can be seen at about 23 V
is the intrinsic breakdown of the junction. Whatever is seen beyond
that peak, is bad data. It is mainly caused by bad contacts and
missing implants near the edges of the wafer. Otherwise, the waf-
ers showed no systematic spatial dependence.

Fig. 2 shows the defect density D (V) computed with (16). One
can see that the defect density of the low breakdowns rises sharply
at about 10 V and then saturates to a nearly constant value between
12 and 22 V, this is a very wide range for a defect distribution to
be constant and is a very valuable piece of information on the na-
ture of the defects. This behavior is the signature of the defects,
they begin turning on at about 10 V, and then they have a constant
rate of appearance as a function of voltage. Next, at about 22 V
the peak of the intrinsic breakdown of the junction (V) can be
seen. The last data point in the defect density rises sharply to a
very high value (actually limited to 10'" by calculation). This is a
direct effect of the factor (1 — % (V,))"", which goes to infinity
as the computations reach the last data point.

Now, if one was to use this defect density to compute the dis-
tribution of a structure with a smaller geometric factor, the results
would be correct up to Vp, that is. for the defective sites. Because.
with the smaller area, the probability of reaching a higher break-
down value is greater. However, the peak in D(Vy). as shown in
Fig. 2, does not represent the reality. This peak should continu-
ously rise to infinity or at least to a value such that the probability
that a site ends up with a value of ¥ > Vj is essentially zero.

In order to represent the reality in this case one must amend
D(V,) with a model of the intrinsic breakdown. In Fig. 3, the use
of a exponential defect density to model the actual distribution of
intrinsic breakdown is shown. The rest of the distribution greater
than Vj was deleted, as it became irrelevant. In the case where bad
data is present, its importance is weighted as (1 — % (V,))"",
therefore much more important near the end of the measurement
range. One must keep in mind that by doing so, only the intrinsic
breakdown is subject to alteration, not the low voltage region where
the defects are.

Using this modified D (V,) one can now simulate the distribution
for any practical size of diode. One can try, first, to regenerate the
initial distribution, this can be seen in Fig. 4, the similarity is ob-
vious, even with the alteration near the intrinsic breakdown.

From this point, one can evaluate distributions for different geo-
metric factors. This is shown in Fig. 5 as a three dimensional graph.
As the diode size moves from smaller areas to larger areas, the
weight of the distribution gets shifted towards smaller voltages.
This is a result of the increase in the probability of having a defect
at any voltage. The same reasonning applies to an [.C., one merely
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Fig. 1. Breakdown voltage distribution (P(V,)) for n+ /p— diodes measured at 1 uA. The distribution is truncated at 28 V

for the ease of comparison with Fig. 4. Raw data actually extended up to 40 V: only a few points are missing. Intrinsic
breakdown is seen at about 23 V.
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Fig. 2. Defect density D(V),,) as calculated from (16). Large peak at last data point (35 V) is caused by (1 — % (g)) 'term
in (16). Essentially all values above 24 V are caused by resistive effects.
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Fig. 3. Defect density of Fig. 2 corrected with exponential model of intrinsic breakdown. Defect density is limited to value

such that probability of having sample above corresponding voltage is essentially zero. That value depends on geometric
factor.
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Fig. 4. Breakdown voltage distribution generated using defect distribution of Fig. 3 and (19). Area (geometric fuctor) was same
than for raw data of Fig. 1. Note that in this case no data point exists above 24 V. Distribution is extremely similar to
Fig. 1.
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Fig. 5. Three dimensional graph of distributions expected from (119) using
defect density of Fig. 3 and area varying from 10 ®to 10™" in’. Weight
of distribution is shifted toward smaller voltage as area is increased.

extract the geometric factor for a given I.C. from the layout, and
computes the yield (12) at any given voltage.

MuLTIPLE GEOMETRICAL FACTORS

In the case of a dependency on more than one geometrical factor,
e.g., area(A) and perimeter(L), one needs to start with two dis-
tributions (P, P,) having different geometrical factors (4, A,, L,,
L,) and consider two defect densities (D and o). The formulation
remains essentially the same. in this case (16) reduces to the equa-
tion set:

P
% =A/D(g) + Lio(e) 22)
P8l 4pile) + Laale) (23)
1 — %,(¢)

and one merely solve the set for all €. From here, generalization
to more than two independent defect densities should be obvious.
It can also be shown that in this case

—<A SiD(s)dc + L S

£

Y(e) = exp (24)

& 0

a(s)ds>

and

P(g) = Y(£)[AD(¢) + Lo(g)]. (25)

CONCLUSION

A method for calculating the defect density from a single set of
data was presented. This defect density has the property of being
invariant on the test structure, as expected, and also enables to
compute the yield of any structure at any operating voltage (where
voltage is used as the independent variable).

In fact, many process variables could act as independent variable
in this case. Photoresist exposure time could be one variable for
instance. This technique can be used to identify the physical mech-
anisms because it gives detailed information in a manner which is
mostly independent of the structure used. The defect density, as
defined in this work, gives a signature of the defect which is in-
dependent of the test structure.

In the case where the structure itself causes changes in the defect
densities, these changes can be determined much more easily by
comparing defect densities from structures with different geometric
factors. This would have been nearly impossible with usual distri-
butions.
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